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Notation: if ϕv is an open sentence, then ϕu is the open sentence that results from replac-
ing every instance of v in ϕv with u.

Arbitrariness of Variables:
If u doesn’t occur anywhere in the open

sentence ϕv, then:
pDvqϕv )( pDuqϕu

p@vqϕv )( p@uqϕu,

Quantifier Exchange:
„pDvqϕv )( p@vq„ϕv

„p@vqϕv )( pDvq„ϕv

„pDvq„ϕv )( p@vqϕv

„p@vq„ϕv )( pDvqϕv

Null Quantification:
If v doesn’t occur anywhere in α, then:
α & p@vqϕv )( p@vqpα & ϕvq

α & pDvqϕv )( pDvqpα & ϕvq

α_ p@vqϕv )( p@vqpα_ ϕvq

α_ pDvqϕv )( pDvqpα_ ϕvq

α Ą p@vqϕv )( p@vqpα Ą ϕvq

α Ą pDvqϕv )( pDvqpα Ą ϕvq

p@vqϕv Ą α )( pDvqpϕv Ą αq
pDvqϕv Ą α )( p@vqpϕv Ą αq

Conjunction:
pDvqpϕv & ψvq +( pDvqϕv & pDvqψv

p@vqpϕv & ψvq )( p@vqϕv & p@vqψv

Disjunction:
pDvqpϕv _ ψvq )( pDvqϕv _ pDvqψv

p@vqpϕv _ ψvq )* p@vqϕv _ p@vqψv

Conditional:
p@vqpϕv Ą ψvq +( p@vqϕv Ą p@vqψv

pDvqpϕv Ą ψvq )( p@vqϕv Ą pDvqψv

Any of the rules above can be applied to the parts as well as the wholes. For instance,
‘p@xqpF1x Ą „pDyqR2xyq’ is logically equivalent to ‘p@xqpF1x Ą p@yq„R2xyq’ by Quantifier
Exchange. Similarly, by Null Quantification, ‘p@xqpF1x Ą pR2xx & pDyqR2xyqq’ is logically
equivalent to ‘p@xqpF1x Ą pDyqpR2xx & R2xyqq’. (Note the α-part doesn’t have to be a closed
sentence.)

Pay attention to the variable restrictions! For instance, you can’t use Variable Replace-
ment to say that ‘p@xqpF1x Ą pDyqR2xyq’ is logically equivalent to ‘p@xqpF1x Ą pDxqR2xxq’,
according to the variable rule. The latter is not even a well-formed formula!


