Axiomatic Proofs

Phil 143 Worksheet
1. Produce a formal proof in K for the following formulas:
(@ Op—0d(g—p)
» Solution:
1. p—>(¢g—p) (taut)
2. O(p—(@—0p) (Nec, 1)
3. d(p—(¢—p)—(dp—0O(G—p) (K)
4. Op—0O(g— p)- (MP, 3, 4)

(b) (©p—0Og)— (Qp — Og)

» Solution:
L =~p—>(p—9q) (taut)
2. OC-p—(p—q) (Nec, 1)
3. OCp—(p—9q)—(@~p—->0Fp—aq) (K)
4 O-p,—0OpP—4), (MP, 3, 4)
5 0O(p—4q),— (BOp—0g). (K)
6. (A—>B)—>((B—>C)—(A—C)) (taut)
7. (B—>C)—> (A—>C) (MP, 4, 6)
8. A—C (MP, 5, 7)

=0-p— (Op — Og)

9. Og, — (Op — Oq),. (taut)

10. (A —C) - (D - C) = ((Av D) — C)) (taut)

11. (D —C) — ((Av D) — C) (MP, 8, 10)

12. (AvD)—>C (MP, 9, 11)
=(0-p v Og) — (Op — Oq)

13. (AvD)—>C)— ((~rA—>D)—C) (taut)

14. "A—>D)—>C (MP, 12, 13)

=(~0O-p—0Og) — (Op — Oq)
= (Op — Og) — (dp — Og).

() Olp—q) — (Op—q)



» Solution:
1. (p—q9)—(q—"p) (taut)
2. O((p—4q) —(~qg—"p) (Nec, 1)
3. d(p—9q)—(~g—~p))—(@Alp—q —0O(-g—"p) (K)
4 Op—4q),—0Cg9—"p), (MP, 2, 3)
5 0O( q—ﬁp) — (d-¢—>0"p). (K)
6. (O ﬂqﬁuﬂp) — (-O-p—-0-4q), (taut)
7. (A — B) ((B — C) ((C — D) — (A — D))) (taut)
8. (B—C)—((C—D)—(A—D)) (MP, 4,7)
9. (C — D) — (A — D) (MP, 5, 8)
10. A— D (MP, 6, 9)
=0(p —¢q) —» (~O-~p—>~0~9q)
=0(p — q) = (Op — Og).
(d) &(p—q)— (Op — Og)
» Solution:
L. p>(~g—>~(p—9q) (taut)
2. dlp—(~qg—~(p—49)) (Nec, 1)
3. dp—(~q—~(p—4q)— (Op—040(~g—~(r—q))) (XK)
4 0Op,—»0OCg—=(p—4), (MP, 3, 4)
5 OCg—~(p—49),— O-g—>0~(p—9), (K)
6. O-gq—-0O-(p—9q)).—(C0O(p—q)—>~-0"q), (taut)
7. (A—-B)—((B—C)— ((C—>D)—(A—D)) (taut)
8. (B—C)— ((C— D) — (A— D)) (MP, 4, 7)
9. (C—-D)— (A—- D) (MP, 5, 8)
10. A— D (MP, 6, 9)
=0p— ("O-(p—4q), —"07q,)
11. (A — (E — F)) — (E — (A — F)) (taut)
12. E— (A—F) (MP, 10, 11)
=-0~(p—¢q)— (Op—~0"q)
=O(p—gq) — (Op — Og).

2. Show that the following rules are derivable in K:

(@) IfFk (¢1 A @2) = ¥, then -k (Op1 A Ogz) — Oy




» Solution:  Suppose -k (¢1 A ¢2) — . Then by Necessitation, -k
O((¢1 A ¢2) — ). Using the K axiom and Modus Ponens, -k O(¢1 A
@2) — Oy. But we know that -k (Og1 A Og2) — O(¢1 A ¢2). So using
12A reasoning, -k (O¢1 A Ogz) — Oy.

(b) If Fk ¢ — (Y1 v ¥2), then -k O — (OY1 v Oyra).

» Solution: Suppose -k ¢ — (Y1 Vv ¥2). By 12A reasoning, this is equiv-
alent to -x (—¥1 A ~¥2) — — . But by the above fact, we can infer that
Fk (O-y¢1 A O7y2) — O~ ¢. By 12A reasoning again, this is equiva-
lentto -x "O~¢ — (mO~¢1 v "0~y Replacing - 0O~ with &, we
get that - O — (Oy1 v Oya).

Suppose I' is a maximal K-consistent set. Prove the following:

(a)

(b)

Ifovyel, theneitherpe'ory el

» Solution: Suppose for reductio that ¢ v ¢y € I', but that o ¢ I'and ¢ ¢ T
Since I' is maximal, "¢ € 'and —y € I'. Butsince ((¢ v¢) A— o A Y) —
1 is a propositional tautology, it follows that I' -x L. But this can’t
be, since I'" is K-consistent. Hence, contrary to our original supposition,
eitherpeTory el

IfOpeTl and Oy e T, then O(p A ¢) €T

» Solution: Suppose for reductio that Oy € I and Oy € T, but that O(¢ A
¥) ¢ I'. Since I is maximal, = O(¢ A ¢) € I'. However, here’s a proof in K
that shows that (O¢ A Oy A ~O(¢ A ¥)) — L is K-provable:

L o= W—(enry) (taut)
2. Ol — W —(eny)) (Nec, 1)
3. Ole—W—(ery))— (Op—0OW — (¢ ry))) (X)
4 Op, —»0OW—(prv), (MP, 3, 4)
5. OW—(eny),— Oy —0O@ny)), X)
6. (A—B) > ((B—C)— (A— () (taut)
7. B—->C)—(A—C) (MP, 4, 6)
8. A—>C (MP, 5, 7)

=0¢ — (Oy — O(p A Y))
9. (Op— (Oy — O(e Ay))) — (e A Oy A ~O(p Ay)) — 1) (taut)
10. (Op A Oy A0 Ay)) > L (MP, 8,9)
Hence, I' -k L. But this can’t be, since I is K-consistent. Hence, contrary
to our original supposition, (¢ A ¥) € I.




