
Knowledge

Phil 143 Worksheet

Let A Ď Agt be a set of agent symbols. For each of the formulas below, determine
whether or not that formula is valid over symmetric epistemic frames. If it is valid over
symmetric epistemic frames, prove it. If not, construct a symmetric epistemic model that
falsifies the formula.

1. ¬φÑ EA ¬EAφ

d Solution: Valid. SupposeM,w ( ¬φ. By symmetry, we know that for each
agent a P A, M,w ( Ka ¬Kaφ—that is, a knows that they themselves don’t
know φ. Hence, for each agent a, M,w ( Ka ¬EAφ—that is, a knows that
not everyone knows φ. And since this holds for all agents, it follows that
M,w ( EA ¬EAφ.

2. ¬φÑ SA ¬SAφ

d Solution: Not valid. Consider the model below.
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M,w ( ¬ p. ButM,w ( ¬Ka ¬SA p because there is a v P W such that wRav
(namely v1) such thatM, v ( Kb p (and henceM, v ( SA p), and there is a u P W
such that wRbu (namely v2) such thatM, u ( Ka p (and henceM, u ( SA p). So
no agent in A knows that no one knows p, i.e.,M,w * SA ¬SA p.

3. ¬φÑ DA ¬DAφ

d Solution: Valid. SupposeM,w ( ¬φ, where each Ra is symmetric. Remem-
ber,M, v ( DAφ iff for all u P

Ş

aPA Rapvq,M, u ( φ. So let v P
Ş

aPA Rapwq (i.e.,
v is such that for all a P A, wRav). Since each Ra is symmetric, it follows that
for all a P A, vRaw, i.e., w P

Ş

aPA Rapvq. So there is a u P
Ş

aPA Rapvq such that
M, u * φ. Hence,M, v ( ¬DAφ. And since this holds for all v P

Ş

aPA Rapwq, it
follows thatM,w ( DA ¬DAφ.

4. ¬φÑ CA ¬CAφ

1



d Solution: Valid. Suppose M,w ( ¬φ, where each Ra is symmetric. Sup-
pose there’s a finite path v1, . . . , vn such that for some a1, . . . , an P A, wRa1v1
and v1Ra2v2 and . . . and vn´1Ranvn. By symmetry, it follows that vnRanvn´1 and
. . . and v2Ra2v1 and v1Ra1w. Hence, for every finite path from w, there’s a finite
path back to w. And sinceM,w * φ, it follows that for every finite away from
w, there’s a finite path to a state where ¬φ is true, i.e.,M,w ( CA ¬CAφ.
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